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Heat-transport mechanism mediated by near-field interactions in plasmonic nanostructures net-
works is shown to be analogous to a generalized random-walk process. Existence of superdiffusive
regimes is demonstrated both in linear ordered chains and in three dimensional random networks
by analyzing the asymptotic behavior of the corresponding probability distribution function. We
show that the spread of heat in these networks is described by a type of Lévy flight. The presence of
such anomalous heat transport regimes in plasmonic networks opens the way to the design of a new
generation of composite materials able to transport heat faster than the normal diffusion process in
solids.
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It is commonly admitted that heat conduction in
massive solids is governed by a normal diffusion pro-
cess (NDP). Heat carriers (phonons or electrons) move
through the atomic lattice of material following a random
walk [1] with a step length probability density which is a
Gaussian. The speed of heat propagation and its spatial
spreading from regions of high temperature to regions of
low temperature is therefore intrinsically limited both by
the speed of heat carriers and by the distance covered by
them between two successive collision events. To go be-
yond this transport mechanism and accelerate the heat
propagation within the medium we propose here to add
a supplementary channel for heat exchanges with long-
range interactions such as those that exist in generalized
random walks (GRW), processes where the step length
probability is broadband. Lévy flights [2] are probably
the most famous class of GRW in which extremely long
jumps can occur as well as very short ones. Existence of
photonic Lévy flight have been recently demonstrated [3]
in self-similar materials, the so called Lévy glasses. In
those media, appropriately engineered so that photons
perform random jumps with a probability distribution of
step lengths which decays algebraically, the transport of
propagative photons becomes superdiffusive. However,
the magnitude of heat flux which can be transported
with radiative photons is limited by the famous Stefan
Boltzmann law [4] and is several orders of magnitude
smaller than the flux carried by conduction in solids. The
situation radically changes when these photons become
non-radiative. As predicted by Polder and van Hove [5]
fourty years ago and experimentally verified during the
last few years [6–9], when two media out of thermal equi-
librium are separated by a small distance (compared with
their thermal wavelength) they exchange energy mainly
by photon tunneling. In such a situation, the heat flux
transported from one medium to the other one can sur-
pass by several orders of magnitude the flux exchanged
between two blackbodies [10, 11] in far field. In two re-
cent works [12, 13] we have established that a similar
exalted heat transport can also exist at larger distances
thanks to many-body interactions. In this Letter we in-
vestigate in detail how heat is transported throughout
different plasmonic nanostructure networks which are ei-
ther ordered or disordered. By analyzing the transport
process through these structures as a GRW of a pas-
sive tracer in a medium, we demonstrate the existence
of anomalous (superdiffusive) regimes driven by the col-
lective near-field interactions.
To start this anlalysis, let us consider an arbitrary
three-dimensional network of spherical particles of radius
Ri at temperature Ti distributed inside an environment
at temperature Tenv. When the mean separation dis-
tance between two arbitrary particles is larger than their
respective diameter and their size is small enough com-
pared with the thermal wavelengths λTi = c~/(kBTi)
then this network can be modelized by a set of simple
electric and magnetic dipoles in mutual interaction and
in interaction with the surrounding bath. The time evo-
lution of particle temperatures in presence of external
excitation is governed by the following energy balance
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ρiCiVi
∂Ti
∂t
=
∑
j 6=i
Pi↔j + Pi↔B + Si, (1)
where ρi and Ci represent the nanoparticle mass density
and heat capacity respectively while Pi↔j , Pi↔B and Si
denote the net power exchanged between two arbitrary
particles, the power exchanged between a particle and
the thermal bath and the power received by a particle
from an external source respectively. Using the Landauer
formalism introduced in [14, 15] and extended in [12] to
theN -body heat-transport problem, it can be shown that
Pi↔j = 3
∫ ∞
0
dω
2pi
[Θ(ω, Ti)−Θ(ω, Tj)]Ti,j(ω), (2)
where
Ti,j(ω) = 4
3
ω4
c4
Im(αi)Im(αj)Tr
[
GijG
†
ij
]
(3)
denotes the monochromatic transmission coefficient be-
tween the dipoles i and j expressed in terms of the
dyadic Green tensor Gij between the location of two
dipoles and the particle polarizability α while Θ(ω, T ) =
~ω/
[
exp( ~ωkBT ) − 1
]
is the mean energy of a harmonic
oscillator at temperature T . The electric polarizabil-
ity is given by the simple Clausius-Mossotti form α =
4piR3 ε−1ε+2 . We have checked that the radiative correc-
tion [16] to this polarizability, which is proportional to
(k0R)
3, is negligible for nanoparticles in the Wien fre-
quency range under consideration. For calculating the
dyadic Green tensor (GF) in a system of M particles we
use the coupled-dipole equation [17]
Eij = µ0ω
2G
ij
0 p
fluc
j 6=i +
ω2
c2
∑
k 6=i
Gik0 αkEkj , (4)
for i = 1, ...,M , combined with the linear response of a
dipole source
Eij = ω
2µ0Gijp
fluc
j . (5)
Eq. (4) gives the field exciting the particle i and coming
from particle j. It contains a direct contribution,
associated to the fluctuating dipole source pflucj , and the
contributions induced by all other particles. Here Gij0 =
exp(ikrij)
4pirij
[(
1 +
ikrij−1
k2r2ij
)
1+
3−3ikrij−k2r2ij
k2r2ij
r̂ij ⊗ r̂ij
]
is the free space GF defined with the unit vector
r̂ij ≡ rij/rij , rij being the vector linking the center
of dipoles i and j, while rij = |rij | and 1 stands for
the unit dyadic tensor. The second term of the rhs of
Eq. (1) is the power exchanged in far field with the
environnement and it can be expresses as
Pi↔B = Cabs;iσB(T 4env − T 4i ), (6)
where Cabs;i is the thermally averaged dressed absorption
cross-section of the i-th particle [18]. At the beginning
of the thermal relaxation process, the power exchanged
between the particles through near-field interactions are
much more important than the power exchanged in far
field with the environnement so that Pi↔B can be ne-
glected with respect to the other terms in Eq. (1). More-
over, in a situation of local quasi-thermal equilibrium the
net power exchanged between two dipoles reads, accord-
ing to Eq. (2),
Pi↔j = G(|ri − rj |;Ti)(Tj − Ti) (7)
where we have introduced the thermal conductance at
temperature Ti between the points i and j
G(|ri − rj |;Ti) ≡ ∂Pi↔j
∂T
(Ti)
= 3
∫ ∞
0
dω
2pi
∂Θ(ω, Ti)
∂T
Ti,j(ω).
(8)
Using this expression, the energy balance equation (1)
can be recast into a Chapman-Kolmogorov master equa-
tion
∂Ti
∂t
=
∫
Rd
p(ri, r)
T (r, t)
τ(r)
dr− T (ri, t)
τ(ri)
+ Sˆi, (9)
which formally describes a system which is driven by a
Markov process. T (r, t) plays here the role of a pas-
sive scalar which is subject to transitions or random
jumps that modify its state between two positions r and
r′ with a probability density (not normalized) function
(pdf) p(r, r
′
) = 1ρCV∆V τ(r)G(r− r′) at a time rate of τ
with τ−1(r) = 1ρCV∆V
∫
Rd
G(r − r′)dr′ in presence of a
localized source Sˆ(r) = S(r)/(ρCV ) [d denotes here the
space dimension where heat exchanges occur and ∆V is
an elementary volume defines with the average distance
l between two neighboring dipoles inside the system as
∆V = l
3
]. To analyze the transport of heat throughout a
given plasmonic network we can investigate how the pdf
decays with respect to the distance. When this decreas-
ing is Gaussian, any momentM (n) =
∫
xnp(x, t)dx of the
pdf is finite so that the regime of transport is diffusive.
On the other hand if it decays algebraically, so that at
least one step moment is divergent, the heat transport
regime becomes superdiffusive.
We first consider the case of linear chains (d = 1)
of nanoparticles periodically dispersed in a transparent
medium. The thermal conductance between two parti-
cles, inside a given chain, is plotted in Fig. 1 for different
inter-particle separation distances h. We observe, for any
value of h, that at large separation distance x the tail of
G(x) asymptoticaly decays as G ∼ O( 1x2 ). By neglecting
the boundary effects and remarking first that τ is almost
uniform (i.e. τ(x) ∼ τ0) and then that p(x,x′) is a func-
tion of x− x′ only, the spatial Fourier transformation of
3h 2R
∼(∆x)-6
Figure 1: Thermal conductance G in log-log scale for a chain
of SiC spherical particles with different inter-particle distances
h and different particle numbers N as a function of the sep-
aration distance ∆x at temperature T = 300K. All parti-
cles are identical (radius of R = 100nm) and their electric
polarizability is given by the simple Clausius-Mossotti form
α = 4piR3 −1
+2
[16]. The dielectric permittivity of the parti-
cles is described by a Drude-Lorentz model [19]. The end of
curves is slightly curved due to boundary effects.
Eq. (9) gives
∂T˜ (k, t)
∂t
=
1
τ0
[p˜(k)− 1]T˜ (k, t) + ˜ˆSi. (10)
In the small wavenumber approximation (i.e. hydrody-
namic limit) we get, after developing p˜(k) around k = 0
and coming back to the real space, the 1D Fokker-Planck
equation (FPE) which describes the transport process
∂T (x, t)
∂t
= AT (x, t)−V ∂T (x, t)
∂x
+D
∂2T (x, t)
∂2x
+Sˆ, (11)
where A = 1τ0 [p˜(0)− 1], V = − 1τ0
dp˜(0)
dk and D =
1
τ0
d2p˜(0)
dk2
denote the transport coefficient, the dynamic friction and
the diffusion coefficient respectively inside the chains. By
noting that D is proportional to the moment of second
order of the pdf, we immediately see according to the
asymptotic behavior of the conductance tail (see Fig.
1) that the diffusion coefficient is diverging demonstrat-
ing so the superdiffusive behavior of heat transport in
1D dipolar chains. Besides, we clearly observe on these
curves the transition between the region where the elec-
trostatic regime (∆x << λT ) dominates and the region
where interactions take place at distances longer than the
wavelength. In the first case we distinguish two different
behaviors. When h = 6R the thermal conductance fol-
lows a power law inG ∼ (∆x)−6 analog to what is usually
observed between two isolated dipoles [21, 22]. In denser
chains the dependence of the conductance on the inter-
particle distance is no longer the same. We see even in
Fig. 1 that the thermal conductance tends to saturate
at close separation distances in chains where extreme
near-field interactions take place (i.e. h = 3R). This
behavior could be at the origin of the saturation mech-
anism that has been observed [20] in near-field for heat
exchanges due to the non-local optical response of mate-
rials. However, today this problem still remains largely
unexplored. At long distances (compared with λT ) we
see that G ∼ O( 1x2 ) for any chain. In the diluted chain
(h = 50R in Fig. 1) all dipoles can be considered as
isolated and they exchange heat in far field mainly with
their nearest neighbors. As for the field magnitude (and
that of dyadic Green’s tensor), it evolves from each dipole
as 1/x, so that the thermal conductance follows a 1/x2
power law. In denser chains (typically when h < 6R) col-
lective effects [23] start playing a significant role in the
heat transport along the chain. However at mesoscopic
scale we recover the dependence in 1/x2 for the thermal
conductance.
Now let us discuss the heat-transport process medi-
ated by the near-field interactions in three-dimensional
disordered networks made of N identical nanoparticles
of identical radius R randomly distributed within a fic-
tious cubic box of side a as depicted in the inset of Fig.
2. Each realization is generated with a uniform distribu-
tion probability and a minimum distance rmin ∼ 2R is
imposed between two adjacent particles in order to keep
the dipolar approximation valid. Moreover, in any gen-
erated realization, a nanoparticle P0 occupies the center
of the simulation box and is used as a reference particle
for the calculation of thermal conductance. To avoid the
presence of possible boundary effects which result from
the finite size of the simulation box, we have limited our
conductance calculations to spatial domains contained
within spheres of radius R˜ = 14a and checked a posteriori
this assumption. The corresponding values G(i)(r;T ) of
conductance for the i-th realization at a distance r from
P0 are calculated by making an averaging over all par-
ticles located inside a shell of radius r and of thickness
δ  R˜. The average conductance 〈G〉 = 1m
m∑
i=1
G(i) over
the m realizations is plotted in Fig. 2 with respect to the
separation distance from P0 for different volumic frac-
tions f = NVa3 . Inspection of Fig. 2 shows that 〈G(x)〉
decays in power law as ζ/xγ with an exponent γ which
depends only on the filling factor f . According to this,
the energy balance equation (9) (its statistical averaging)
can be recast into a fractional-like diffusion equation
ρiCiVi
∂Ti
∂t
= −κ(−∆)α/2T (ri) + Si, (12)
with α = γ − d, for α ∈ [0, 2]. (−∆)α/2 denotes here the
fractional Laplacian defined by [24, 25]
(−∆)α/2T (r) = cd;α P
∫
Rd
T (r)− T (r′)
|r− r′|d+α dr
′ (13)
4with cd;α = 2
−αpi1+d/2
Γ(1+α/2)Γ( d+α2 ) sin(αpi/2)
and where P denotes
the principal part. In Eq. (12) κ = ζ∆V cd;α is the frac-
tional diffusion coefficient inside the plasmonic structure.
The fractional Laplacian clearly shows that the smaller
is α, the larger is the length of interactions through the
medium. When α = 2 the fractionnal Laplacian degen-
erates into a classical Laplacian and the heat transport
process becomes diffusive. If α > 2 the transport is sub-
diffusive while for α < 2 it is superdiffusive. Contrary to
NDPs, the long-ranged (non-local) interactions through
the network is responsible for the existence of anoma-
lous heat-transport regimes. At low f , the exponent γ is
close to 5 (i.e. α is close to 2 but still smaller). However,
even if the transport process tends toward a diffusive pro-
cess, it still remains superdiffusive at this level of filling
factor. This regime corresponds to plasmonic networks
where the mean separation distances between the nearest
particles is l¯ > 6.6R. In this situation heat exchanges are
not limited to the closest neighbors and collective effects
continue to play a role despite the fact that the medium
is quite diluted. At higher densities, α decreases showing
that the heat-transport process is more and more non-
local. At f = 20% that is in networks where extreme
near-field interactions occur (l¯ ' 2.7R) we have α ' 0.64
so that the heat transport becomes unambiguously su-
perdiffusive.
Figure 2: Averaged thermal conductance 〈G〉 in log-log scale
for clusters of SiC spherical particles as a function of the
separation distance x for different volumic fractions f and
at temperature T = 300K. The statistical averaging is per-
formed with m = 250 realizations generated with a uniform
random distribution probability. The inset shows an example
of network with a volumic fraction f = 1.5% generated with
N = 100 nanoparticles.
We have demonstrated that the heat transport medi-
ated by photon tunneling in plasmonic networks can be
extremely superdiffusive. This non-local heat-transport
mechanism allows to go beyond the standard diffusion
limit in solids. The ability to design nanocomposite ma-
terials able to transport heat faster than with phonons
in solids opens new perspectives. It could find broad
applications in different fields of material sciences that
require an ultrafast thermal management. Many fasci-
nating questions on the links between the spatial struc-
turation of plasmonic structures networks and the trans-
port of heat through them remain open. For instance,
the role played by the disorder and the presence of lo-
calized and delocalized modes is one of them. Also, the
phonon-photon coupling within the plasmonic structures
embedded in solids is a fundamental issue because it af-
fects the transition between the superdiffusive regime and
the classical diffusive transport.
This work has been partially supported by the Agence
Nationale de la Recherche through the Source-TPV
project ANR 2010 BLANC 0928 01. P.B.-A. thanks fruit-
full discussions with P. Lalanne, H. Benisty and M. Rubi.
∗ Electronic address: pba@institutoptique.fr
[1] A. Einstein, Ann. Physik 17, 549 (1905).
[2] P. Lévy, Théorie de l’Addition des Variables Aléatoires
(Gauthier-Villars, Paris, 1937). For an overview see also
Lévy Flights and Related Topics in Physics, Lecture Notes
in Physics, edited by M. F. Shlesinger, G. M. Zaslavsky,
and U. Frisch (Springer-Verlag, Berlin, 1995).
[3] P. Barthelemy, J. Bertolotti, and D. S. Wiersma, Nature
453, 495-498 (2008).
[4] M. Planck, The Theory of Heat Radiation (Dover, New
York, 1991).
[5] D. Polder and M. Van Hove, Phys. Rev. B 4, 3303 (1971).
[6] L. Hu, A. Narayanaswamy, X. Chen, and G. Chen, Appl.
Phys. Lett. 92, 133106 (2008).
[7] S. Shen, A. Narayanaswamy, and G. Chen, Nano Lett. 9,
2909 (2009).
[8] E. Rousseau, A. Siria, G. Jourdan, S. Volz, F. Comin,
J. Chevrier, and J.-J. Greffet, Nature Photonics 3, 514
(2009).
[9] R. Ottens, V. Quetschke, S. Wise, A. Alemi, R. Lun-
dock, G. Mueller, D. H. Reitze, D. B. Tanner, and B. F.
Whiting, Physical Review Letters 107, 014301 (2011).
[10] A. I. Volokitin and B. N. J. Persson, Rev. Mod. Phys.
79, 1291 (2007).
[11] K. Joulain, J.-P. Mulet, F. Marquier, R. Carminati, and
J.-J. Greffet, Surf. Sci. Rep. 57, 59 (2005).
[12] P. Ben-Abdallah, S.-A. Biehs, and K. Joulain,Physical
Review Letters 107, 114301 (2011).
[13] R. Messina, M. Antezza, and P. Ben-Abdallah,Physical
Review Letters 109, 244302 (2012).
[14] P. Ben-Abdallah and K. Joulain, Phys. Rev. B 82,
121419(R) (2010).
[15] S.-A. Biehs, E. Rousseau, and J.-J. Greffet, Physical Re-
view Letters 105, 234301 (2010).
[16] S. Albaladejo, R. Gómez-Medina, L. S. Froufe-Pérez, H.
Marinchio, R. Carminati, J. F. Torrado, G. Armelles, A.
García-Martín, and J. J. Sáenz, Opt. Express 18, 3556
5(2010). Radiative corrections are negligible around the
Wien’s frequency at ambient temperature for nanoparti-
cles.
[17] E. M. Purcell and C. R. Pennypacker, Astrophys. J. 186,
705 (1973).
[18] V. Yannopapas and N. V. Vitanov, Physical Review Let-
ters 110, 044302 (2013).
[19] Handbook of Optical Constants of Solids, edited by E.
Palik (Academic Press, New York, 1998).
[20] A. Kittel, W. Müller-Hirsch, J. Parisi, S.-A. Biehs, D.
Reddig, and M. Holthaus, Phys. Rev. Lett. 95, 24301
(2005).
[21] G. Domingues, S. Volz, K. Joulain, and J.-J. Greffet,
Physical Review Letters 94, 085901 (2005).
[22] A. Pérez-Madrid, J. M. Rubí, and L. C. Lapas, Phys.
Rev. B 77, 155417 (2008).
[23] P. Ben-Abdallah, K. Joulain, J. Drevillon, and C. Le
Goff, Phys. Rev. B 77, 075417 (2008).
[24] I. Podlubny, Fractional Differential Equations (Academic
Press, London, 1999).
[25] S. G. Samko, A. A. Kilbas, and O. I. Maritchev, Frac-
tional Integrals and Derivatives (Gordon and Breach,
New York, 1993).
